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We consider the Pleban´ski class of nonlinear theories of vacuum electrodynamics, i.e., Lagrangian
theories that are Lorentz invariant and gauge invariant. Our main goal is to derive the transport law
of the polarization plane in such a theory, on an unspecified general-relativistic spacetime and with
an unspecified electromagnetic background field. To that end we start out from an approximate-
plane-harmonic-wave ansatz that takes the generation of higher harmonics into account. By this
ansatz, the electromagnetic field is written as an asymptotic series with respect to a parameter
α, where the limit α → 0 corresponds to sending the frequency to infinity. We demonstrate that
by solving the generalized Maxwell equations to zeroth and first order with respect to α one gets
a unique transport law for the polarization plane along each light ray. We exemplify the general
results with the Born-Infeld theory.
PACS numbers: 03.50.Kk,11.10.Lm
I. INTRODUCTION
In the standard Maxwell theory of vacuum electrody-
namics, the field strength tensor Fab (which comprises
the vector fields ~E and ~B ) is related to the excitation
tensor (which comprises the vector fields ~D and ~H) by a
linear constitutive law. However, there are good reasons
to assume that this law has to be replaced by a nonlin-
ear relation for very strong electromagnetic fields. In the
course of history, several such nonlinear modifications of
the vacuum Maxwell theory have been suggested.
One of the best known examples is the theory of Born
and Infeld [1] from 1934. Its introduction was motivated
by the observation that in the standard Maxwell vac-
uum theory the field energy in an arbitrarily small ball
around a point charge is infinite which leads to an infi-
nite self-force, and that this infinity might be overcome
if one modifies the constitutive law of the vacuum in a
nonlinear fashion. The Born-Infeld theory introduces a
new hypothetical constant of Nature, b0, with the dimen-
sion of a (magnetic) field strength. In the limit b0 → ∞
the theory approaches the standard Maxwell theory, i.e.,
the fact that the latter is in good agreement with exper-
iments can be understood if one assumes that b0 is very
large. On the basis of the Born-Infeld theory one would
have to expect measurable deviations from the vacuum
Maxwell theory in electromagnetic fields that are of a
similar order of magnitude as b0. Although not exactly
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in the main stream of physics, the Born-Infeld theory
was always taken seriously by many scientists. In the
late 1990s this theory got an additional strong push when
Tseytlin [2] realized that it can be derived, as an effective
theory, from some kind of string theories.
Another very well known nonlinear modification of the
vacuum Maxwell theory is the Heisenberg-Euler theory
[3] from 1936. It is a classical field theory which comes
about, as an effective theory, if one-loop corrections from
quantum electrodynamics are taken into account. In con-
trast to the Born-Infeld theory, it does not involve any
new hypothetical constant of Nature, i.e., it numerically
predicts how strong an electromagnetic field has to be in
order to produce measurable deviations from the stan-
dard vacuum Maxwell theory. Since a few years (mag-
netic) fields of this strength can be produced in the lab-
oratory.
The Born-Infeld theory and the Heisenberg-Euler the-
ory are Lorentz invariant, they are gauge invariant, and
they derive from a Lagrangian. The entire class of theo-
ries that share these properties was systematically stud-
ied by Pleban´ski [4], with important early contributions
by Boillat [5]. We refer to it as to the Pleban´ski class of
electromagnetic theories. The Born-Infeld theory and the
Heisenberg-Euler theory are the best known examples in
this class, but there are many more. In particular, there
are theories of the Pleban´ski class that allow for regu-
lar black-hole solutions if they are coupled to Einstein’s
field equations. The first two examples were found by
Ayo´n-Beato and Garc´ıa [6, 7].
It is a general feature of nonlinear theories that the
superposition principle is no longer satisfied. As a con-
sequence, the propagation of light is influenced by elec-
tromagnetic background fields. This effect is known as
2“light-by-light scattering” and it has been observed in
1997, see Burke at el. [8], in good agreement with the pre-
diction by the Heisenberg-Euler theory. Another effect
predicted by most theories of the Pleban´ski class, with
the notable exception of the Born-Infeld theory, is bire-
fringence in vacuo. This means that, according to these
theories, a light beam that enters into a region with a suf-
ficiently strong electromagnetic background field would
split into two beams, as in the case of a light beam enter-
ing into a crystal according to ordinary optics, with the
two different beams corresponding to two different polar-
ization states. Such a birefringence in vacuo is predicted,
in particular, by the Heisenberg-Euler theory. Experi-
mentalists are trying to observe this effect since several
years and there is the general expectation that these at-
tempts will be succesful soon, see in particular the most
recent status report on the so-called PVLAS experiment
by Della Valle et al. [9]. In this experiment not only
the birefringence in vacuo but also the dichroism of the
Heisenberg-Euler theory is tried to be measured. The lat-
ter means the effect that there are different absorption
coefficients for the two different polarization states which
results in an apparent rotation of the polarization plane.
Finally, we mention that there are also attempts to verify
effects from nonlinear electrodynamics with astrophysical
observations. A particularly promising idea is to observe
the birefringence in vacuo if light passes through a very
strong magnetic field, such as in the neighborhood of a
magnetar. A first observation that might indicate such
an effect was already made, see Mignani et al. [10].
We emphasize that experiments searching for birefrin-
gence in vacuo cannot be used as tests for the Born-Infeld
theory because in the latter there is no such effect. As
an alternative, the Born-Infeld theory may be tested with
the help of Michelson interferometry. Such an experiment
was discussed for the Heisenberg-Euler theory by Boer
and van Holten [11], Do¨brich and Gies [12], Zavattini
and Calloni [13] and Grote [14], for the Heisenberg-Euler
and the Born-Infeld theories by Denisov, Krivchenkov
and Kravtsov [15], and in detail for a general theory of
the Pleban´ski class by Schellstede et al. [16]. Moreover,
there are suggestions to test the Born-Infeld theory with
wave-guides, see Ferraro [17], or with fluid motions in a
magnetic background field, see Dereli and Tucker [22].
As of now, none of these experiments has been actually
carried through.
In this paper we want to study, for a general theory of
the Pleban´ski class, the effect of a background field on
the transport law of the polarization plane along a light
ray. This will give us a new way of testing these theories,
in particular the Born-Infeld theory, experimentally. We
emphasize that this is to be distinguished from all the
experiments mentioned above. In particular, it is not to
be confused with the planned observation of dichroism
by the PVLAS experiment: The latter is an effect on
the absorption of light, depending on the polarization
state. Here we want to investigate the direct effect of
an electromagnetic background field on the polarization
plane.
To that end we start out from an approximate-plane-
harmonic-wave ansatz, taking the generation of higher
harmonics into account. By this ansatz the electromag-
netic field is written as an asymptotic series with respect
to a parameter α. Sending α to zero corresponds to send-
ing the frequency to infinity. We will see that we have
to consider the generalized Maxwell equations to zeroth
order and to first order with respect to α in order to deter-
mine the transport law for the polarization plane. Earlier
studies of the high-frequency limit in nonlinear theories
were restricted to the derivation of the eikonal equation
from the zeroth order of the generalized Maxwell equa-
tions. It is well known that, as a result, one finds that the
light rays are the null geodesics of two optical metrics;
this was first shown by Novello et al. [18] and later, in
different representations, by Obukhov and Rubilar [19]
and by Schellstede et al. [16]. To the best of our knowl-
edge, the transport law of the polarization plane was not
yet considered for an arbitrary theory of the Pleban´ski
class.
We will not specify the nonlinear electromagnetic the-
ory, apart from the fact that we require it to be of the
Pleban´ski class. However, we mention that not all theo-
ries of this type are to be considered as physically mean-
ingful: Some of them violate causality in the sense that
the light cones of the optical metrics are not inside the
light cone of the spacetime metric, see Schellstede et al.
[20]. Also, not all of them give rise to a well-posed initial-
value problem, see Abalos et al. [21].
The paper is organized as follows. In Section II
we briefly review the basic features of theories of
the Pleban´ski class. In Section III we introduce our
approximate-plane-wave ansatz on an arbitraty general-
relativistic spacetime and for an arbitrary electromag-
netic background field. In Section IV we evaluate the
generalized Maxwell equations to zeroth order which
gives us the eikonal equation and an algebraic condition
on the polarization plane. In Section V we consider the
generalized Maxwell equations to first order and discuss
the additional conditions they give us on the polarization
plane. In Section VI we exemplify the results with the
Born-Infeld theory.
II. THE PLEBAN´SKI CLASS OF NON-LINEAR
ELECTRODYNAMICAL THEORIES
We consider a general-relativistic spacetime, i.e., an
oriented 4-dimensional manifold with a metric tensor gab
of Lorentzian signature. The covariant derivative associ-
ated with the Levi-Civita connection of the metric will
be denoted ∇a. Latin indices take values 0,1,2,3 and are
lowered with gab and raised with its inverse g
bc.
The Pleban´ski class [4] consists of all non-linear elec-
trodynamical theories that derive from an action of the
3form
S[Ac] =
1
4πc
∫
M
(
L(F,G) + 4π
c
jaAa
) √
|det(gbc)| d4x .
(1)
Here M is a domain of the spacetime, d4x = dx0 ∧ dx1 ∧
dx2 ∧ dx3, ja is a given current density, Aa is the elec-
tromagnetic potential,
Fab = ∇aAb −∇bAa (2)
is the electromagnetic field strength and L is the La-
grangian for the electromagnetic field. It is assumed that
the latter depends only on the two invariants
F =
1
2
FabF
ab and G = −1
4
Fab
⋆F ab . (3)
Here and in the following, ⋆ denotes the Hodge star op-
erator, i.e.,
⋆Fab =
1
2
εabcdF
cd (4)
where εabcd is the totally antisymmetric Levi-Civita ten-
sor field (volume form) associated with the spacetime
metric.
By (2) the homogeneous Maxwell equation is automat-
ically satisfied,
εabcd∇bFcd = 0 . (5)
Requiring that the variational derivative of the action (1)
with respect to the potential Ac vanishes, for all com-
pact domains M and all variations that keep Ac fixed on
the boundary ofM , leads to the inhomogeneous Maxwell
equation,
∇aHab = − 4π
c
jb , (6)
where
Hab = − ∂L
∂Fab
= −2LF F ab + LG ⋆F ab (7)
is the electromagnetic excitation. For the sake of brevity,
we write
LF = ∂L
∂F
, LG = ∂L
∂G
(8)
and
LFF = ∂
2L
∂F 2
, LGG = ∂
2L
∂G2
, LFG = ∂
2L
∂F∂G
. (9)
It is the constitutive law (7) that distinguishes different
theories, while the Maxwell equations (5) and (6) are
always the same.
Each particular theory of the Pleban´ski class is char-
acterized by a particular Lagrangian and, thereby, by a
particular constitutive law. Let us mention the two most
important examples: For the Born-Infeld theory [1], the
Lagrangian reads
L = b20 − b20
√
1 +
F
b20
− G
2
b40
(10)
where b0 is a hypothetical constant of Nature with the
dimension of a magnetic field strength. For b0 → ∞
the Born-Infeld theory reproduces the standard Maxwell
vacuum theory. For the Heisenberg-Euler theory [3],
L = E20
(
−1
2
F
E20
+ Λ
(F 2
E40
+ 7
G2
E40
)
+ . . .
)
(11)
where E0 = m
2c4/e3 and Λ = ~c/(90πe2). Here m is the
electron mass, e is the electron charge, ~ is the reduced
Planck constant and the ellipses in (11) stand for terms
of third and higher order in F and G.
III. APPROXIMATE-PLANE-HARMONIC-
WAVE ANSATZ
An approximate-plane-harmonic wave is a one-
parameter family Fαcd of field strength tensors, depending
on a real parameter α, of the form
Fαcd = Fcd + αF
(1)
cd +
∞∑
K=2
αKF
(K)
cd (12)
where
F
(1)
cd = Re
{
eiS/αf
(11)
cd
}
(13)
and
F
(K)
cd =
K∑
K˜=0
Re
{
eiK˜S/αf
(KK˜)
cd
}
for K ≥ 2 . (14)
Here Fcd is a given electromagnetic background field that
is independent of α, S is a real-valued function and f
(KK˜)
cd
is a complex-valued antisymmetric tensor field for each
pair of integers K, K˜ that occurs. We assume that, on
the spacetime region considered, the tensor fields ∇aS
and f
(11)
cd have no zeros. The series is to be understood
as an asymptotic series, not as a convergent series.
The function S is called the eikonal function. On
a sufficiently small neighborhood, the field F
(1)
ab is ap-
proximately a plane harmonic wave: The surfaces S =
constant are the wave-fronts and the gradient of S di-
vided by alpha defines the wave four-covector. Corre-
spondingly, the frequency measured by an observer with
four-velocity Ua is ω = Ua∇aS/α. The limit α→ 0 cor-
responds to sending the frequency to infinity. The idea
is to feed the ansatz (12) into Maxwell’s equations, to
solve these equations iteratively order by order in α and,
in this way, to asymptotically approach a one-parameter
family of exact solutions.
4Our ansatz (12) is a generalization of the standard
approximate-plane-harmonic-wave ansatz. The latter
goes back to Ralph Luneburg and is detailed, for wave
propagation in linear and isotropic media, e.g. in the
text-book by Kline and Kay [23]. Our ansatz is more
general in two respects: Firstly, we take a non-zero back-
ground field into account. In a linear theory, it suffices
to consider the case with zero background field because,
by the superposition principle, the propagation of the
approximate-plane-harmonic wave is independent of a
background field. In a non-linear theory, however, the
propagation is influenced by a background field. Sec-
ondly, the higher-order fields, F
(K)
cd for K ≥ 2, come not
only with the same frequency as the first-order field F
(1)
cd
(the terms with K˜ = 1) but also with integer multiples
of this frequency (the terms with K˜ 6= 1). This reflects
the generation of higher harmonics which is well-known
from optics in non-linear media. It should not come as
a surprise that it has to be taken into account also in
the non-linear vacuum theories of the Pleban´ski class.
Higher harmonics play no role if one considers Maxwell’s
equations only to the lowest order (i.e., α0). This is the
reason why it was not necessary to take them into ac-
count in [24] where the eikonal equation was derived for
Maxwell’s equations with a local but otherwise arbitrary
constitutive law. In the present paper, however, we want
to derive the transport law for the polarization plane
which requires considering Maxwell’s equations also to
the next order (i.e. α1). We will see that these equations
cannot in general be solved if we set all terms f
(KK˜)
cd with
K˜ 6= 1 equal to zero.
For our purpose we need the series (12) up to second
order,
Fαcd = Fcd + αRe
{
eiS/αf
(11)
cd
}
+α2Re
{
f
(20)
cd + e
iS/αf
(21)
cd + e
2iS/αf
(22)
cd
}
+ . . . (15)
which includes frequency doubling (K˜ = 2) and the gen-
eration of a non-oscillatory mode, known from non-linear
media as optical rectification (K˜ = 0). The homogeneous
Maxwell equation (5) is automatically satisfied for all α
if we assume that (15) derives from a potential,
Fαcd = ∇cAαd −∇dAαc . (16)
It is easy to see that such a potential (up to an arbitrary
gradient term) must be of the form
Aαd = Ad + α
2Re
{
a
(10)
d + e
iS/αa
(11)
d
}
+α3Re
{
a
(20)
d + e
iS/αa
(21)
d + e
2iS/αa
(22)
d
}
+ . . . (17)
Then (16) holds to zeroth order in α with
Fcd = ∇cAd −∇dAc , (18)
to first order with
f
(11)
cd = i
(∇cS a(11)d −∇dS a(11)c ) , (19)
and to second order with
f
(20)
cd = ∇ca(10)d −∇da(10)d , (20)
f
(21)
cd = ∇ca(11)d −∇da(11)d
+i
(∇cS a(21)d −∇dS a(21)c ) , (21)
f
(22)
cd = 2 i
(∇cS a(22)d −∇dS a(22)c ) . (22)
Here we have used our assumption that the gradient of S
has no zeros which implies that S 6= 0 almost everywhere
and that, accordingly, the functions 1, sin
(
S(x)/α
)
,
cos(
(
S(x)/α
)
), sin
(
2S(x)/α
)
) and cos
(
2S(x)/α
)
are lin-
early independent.
Feeding the approximate-plane-harmonic wave (12)
into the constitutive law (7) gives, after a rather long but
straight-forward calculation, an excitation of the form
Hαab = Hab + αRe
{
eiS/αh
(11)
ab
}
(23)
+α2Re
{
h
(20)
ab + e
iS/αh
(21)
ab + e
i2S/αh
(22)
ab
}
+ . . .
The zeroth order term in (23) is just the excitation of the
background field,
Hab = −2LF Fab + LG⋆Fab , (24)
the first-order amplitude is
h
(11)
ab =
1
2
χab
cdf
(11)
cd , (25)
and the second-order amplitudes are
h
(20)
ab =
1
2
χab
cdf
(20)
cd +
1
2
ψab
cdeff
(11)
cd f
(11)
ef , (26)
h
(21)
ab =
1
2
χab
cdf
(21)
ef , (27)
h
(22)
ab =
1
2
χab
cdf
(22)
cd +
1
2
ψab
cdeff
(11)
cd f
(11)
ef , (28)
with
χab
cd = LGεabcd − 2LF
(
δcaδ
d
b − δdaδcb
)− 4LFFFabF cd
+2LFG
(
Fab
⋆F cd + ⋆FabF
cd
)− LGG⋆Fab⋆F cd (29)
and
ψab
cdef =
1
4
(
− 2LFFFab + LFG⋆Fab
)(
gcegdf − gdegcf
)
+
1
2
(
δcaδ
d
b − δcbδda
)(
− 2LFFF ef + LFG⋆F ef
)
−1
8
(
− 2LFGFab + LGG⋆Fab
)
εcdef
−1
4
εab
cd
(
− 2LFGF ef + LGG⋆F ef
)
+
1
2
(
− 2LFFFFab + LFFG⋆Fab
)
F cdF ef
−1
2
(
− 2LFFGFab + LFGG⋆Fab
)
F cd⋆F ef
+
1
8
(
− 2LFGGFab + LGGG⋆Fab
)
⋆F cd⋆F ef . (30)
5We see that the first- order constitutive law (25) is of
the same form as the constitutive law of a linear medium,
but now with a constitutive tensor χab
cd that depends on
the invariants F and G of the background field. Quite
generally, such a constitutive tensor can be decomposed
into principal part, skewon part and axion part (see Hehl
and Obukhov [25]). In (29), the first term is the axion
part, the rest is the principal part and the skewon part
is zero. It is known [25] that the skewon part is always
vanishing if the theory derives from a variational princi-
ple.
At the second order, we get for each of the three ampli-
tudes h
(2K˜)
ab a linear law with the same constitutive tensor
χab
cd as for the first order, but for K˜ = 0 and K˜ = 2 ad-
ditional quadratic terms with a second-order constitutive
tensor ψab
cdef which looks rather complicated.
We will now evaluate the Maxwell equations. The ho-
mogeneous Maxwell equation is satisfied if we express the
amplitudes f
(KK˜)
cd in terms of the potential according to
(19), (20), (21) and (22). Feeding the excitation (23) into
the inhomogeneous Maxwell equation requires at zeroth
order
− 4π
c
jb = ∇aHab , (31)
0 = ∇aS h(11)ab , (32)
and at first order
0 = ∇ah(11)ab + i∇aS h(21)ab , (33)
0 = ∇aS h(22)ab . (34)
Here we have assumed that the current jb is indepen-
dent of α, i.e., that only the background field may have
a source whereas our approximate-plane-harmonic wave
is source-free. Moreover, we have again used our as-
sumption that the gradient of S has no zeros which im-
plies that the functions 1, sin
(
S(x)/α
)
, cos(
(
S(x)/α
)
),
sin
(
2S(x)/α
)
) and cos
(
2S(x)/α
)
are linearly indepen-
dent.
At zeroth order we get one equation, (32), that has to
be satisfied. With (19) and (25) this equation reads
0 = ∇aSχabcd∇cS a(11)d . (35)
We will evaluate this equation in the next section. We
will see that it gives us the eikonal equation for S and
an algebraic condition on a
(11)
d which is known as the
zeroth order polarization condition. Note that a
(11)
d is
not gauge-invariant: As can be read from (19), the field
strength f
(11)
cd is unchanged if a multiple of ∇dS is added
to a
(11)
d . We will see that the zeroth order polarization
condition is actually a condition on the (gauge-invariant)
plane spanned by a
(11)
d and ∇dS. We refer to this plane
as to the polarization plane.
At first order we get two equations, (33) and (34), that
have to be satisfied. With (19), (20), (21), (25), (27) and
(28) these equations read
0 = ∇a
(
χab
cd∇cS a(11)d
)
+∇aS χabcd∇ca(11)d + i∇aS χabcd∇cS a(21)d , (36)
0 = ∇aS χabcd∇cS a(22)d − ψabcdef∇aS∇cS a(11)d a(11)f .
(37)
We will evaluate these two equations, as far as neces-
sary for our purpose, in Section V below. They will give
us a differential equation for a
(11)
d which is known as the
first-order transport equation and algebraic conditions on
a
(21)
d and a
(22)
d which are the first-order polarization con-
ditions. These equations are not in general satisfied if
a
(22)
d = 0, i.e., frequency doubling has to be taken into
account if Maxwell’s equations are to be solved to first
order.
If one wants to go beyond the first order, one can do
this step by step. At the Kth level one gets transport
equations for the amplitudes a
(KK˜)
d and polarization con-
ditions on the amplitudes a
((K+1)K˜)
d .
IV. EVALUATION OF THE ZEROTH-ORDER
FIELD EQUATION
In Section IVA we will derive the eikonal equation
from the zeroth-order field equation (35), in Section IVB
we will determine the Hamiltonian for the rays and in
Section IVC we will evaluate the zeroth-order polariza-
tion condition. The main results of Sections IVA and
IVB are not new. In particular, it is known that for
any theory of the Pleban´ski class the rays are the null
geodesics of two optical metrics. This was first demon-
strated by Novello et al. [18]. The same result was
rederived, using a different representation, by Obukhov
and Rubilar [19] who also showed that the optical met-
rics have Lorentzian signature if they are non-degenerate.
Still another form of the optical metrics was derived by
Schellstede et al. [16]. However, we have to rederive
these known results here because in doing so we will also
establish a number of new relations that will be needed
later. We will use the same representation as in [16].
A. Derivation of the eikonal equation
In the following we write
pa = ∇aS , ua = Fab∇bS , va = ∗F ab∇bS (38)
which implies
pau
a = pav
a = 0 . (39)
6Then the zeroth-order field equation (35) can be rewrit-
ten as
Mb
da
(11)
d = 0 (40)
where
Mb
d = χab
cdpapc = −2LFpapaδdb + 2LFpbpd (41)
−4LFFubud + 2LFG
(
ubv
d + vbu
d
)− LGGvbvd .
Note that Mb
d is self-adjoint with respect to the space-
time metric, i.e. Mab = Mba. This is a consequence of
the above-mentioned fact that the skewon part of the con-
stitutive tensor vanishes. Also note that the axion part
gives no contribution to (41) which is a general result
[25, 26].
From (41) we read that pd is in the kernel of Mb
d,
so (40) is satisfied by a
(11)
d = ψ pd with any scalar fac-
tor ψ. However, by (19) such a potential gives a triv-
ial first-order field strength. As we require f
(11)
cd 6= 0,
we need a solution a
(11)
d of (40) that is linearly indepen-
dent of pd, i.e., the kernel of Md
b has to be at least two-
dimensional. This is the case if and only if the adjugate
Ad
b of Md
b (also known as the classical adjoint) van-
ishes, cf. Itin [27]. A straight-forward (though tedious)
calculation shows that the adjugate is given by
Ab
a = −8LF
(
M(pcp
c)2 +Npcp
cudu
d + P (udu
d)2
)
pbp
a
(42)
where
M = L2F + 2LFLFGG−
1
2
LFLGG F − PG2 , (43)
N = 2LFLFF + 1
2
LFLGG − PF , (44)
P = LFFLGG − L2FG . (45)
Here we have used the well-known [4] identities
∗FacF
bc = −Gδba , FacF bc − ∗Fac∗F bc = Fδba (46)
which imply
ucv
c = −Gpcpc , ucuc − vcvc = Fpcpc . (47)
By (42), the zeroth-order field equation (40) admits a
solution a
(11)
d giving a non-trivial field strength if and
only if
0 = LF
(
M(pcp
c)2 +Npcp
cudu
d + P (udu
d)2
)
. (48)
This is the eikonal equation. It is a first-order partial
differential equation for the function S. Each solution
to this equation determines a family of light rays, in the
same way as in Hamiltonian mechanics each solution to
the Hamilton-Jacobi equation determines a family of tra-
jectories, see the next subsection. If viewed as an alge-
braic condition on the covector pa, (48) is known as the
dispersion relation, as the characteristic equation or as
the Fresnel equation.
From now on we reqire LF 6= 0 because otherwise the
eikonal equation is an identity, so there is no well-defined
notion of rays. If in addition M 6= 0, (48) factorizes
according to (
g˜bc+pbpc
)(
g˜de− pdpe
)
= 0 (49)
where
g˜bc± = g
bc + σ±F
bdF cd
=
(
1 + σ±F
)
gbc + σ±
∗F bd∗F cd (50)
and
σ± =
N
2M
±
√
N2
4M2
− P
M
. (51)
g˜bc+ and g˜
bc
− are known as the optical metrics. Note that
σ± is always real because N
2− 4MP can be rewritten as
the sum of two squares,
N2 − 4MP = (52)(
LFLGG −N
)2
+ 4
(
LFLFG − PG
)2
.
The determinant of g˜cd± is
det
(
g˜cd±
)
=
(
1 + σ±F − σ2±G2
)2
det
(
gcd
)
. (53)
As (gcd) is of Lorentzian signature, the right-hand side
of (53) is either zero or negative. This demonstrates that
the optical metrics are either degenerate or Lorentzian
(i.e., of signature (−+++) or (−−−+)), as was already
observed by Obukhov and Rubilar [19]. If the determi-
nant is non-zero, the covariant components of the optical
metrics are
(
g˜−1
)±
cd
=
gcd − σ±∗Fcb ∗Fdb
1 + σ±F − σ2±G2
=
(
1 + σ±F
)
gcd − σ±FcbFdb
1 + σ±F − σ2±G2
. (54)
Indeed, with the help of the identities (46) it is easy to
check that (50) and (54) imply
(
g˜−1
)±
ac
g˜cb± = δ
b
a.
If M = 0, the eikonal equation factorizes as well, but
we will not consider this case because it shows some
pathologies, see [20]. We restrict for the rest of the pa-
per to background fields for which LF 6= 0, M 6= 0 and
(1 + σ±F − σ2±G2) 6= 0 so that we have two optical met-
rics of Lorentzian signature. Then the eikonal equation
is of the form (49), i.e., it requires pa = ∇aS to be a null
covector of at least one of the two optical metrics. This
is true if and only if
pap
a + σ±uau
a = 0 (55)
holds with at least one of the two signs where σ± is given
by (51). We refer to the two equations (55) with pa =
∇aS as to the two partial eikonal equations.
We end this section with two useful results.
7Proposition IV.1. Let σ be one of the two solutions,
σ = σ+ or σ = σ−, to (51). Then the following condi-
tions are mutually equivalent:
(a) N2 = 4MP , i.e., the two optical metrics coincide,
σ =
N
2M
.
(b) LFLGG = N and LFLFG = PG.
(c) DM = L2F , DN = 2L2Fσ and DP = L2Fσ2.
(d) 2DLFF = LFσ(1 + Fσ), DLGG = 2LFσ and
DLFG = LFGσ2.
In (c) and (d), D = 1 + Fσ −G2σ2.
Proof. (a) ⇔ (b) is obvious from (52). We now assume
that one, and thus also the other, of these conditions is
true. Then we find from (a) that
N = 2Mσ , P =Mσ2 (56)
and from inserting (b) into (43) that
M = L2F − PG2 −
NF
2
(57)
(56) and (57) demonstrate that then (c) is true. Con-
versely, (c) obviously implies (a), so we have proven that
(a), (b), and (c) are mutually equivalent. Finally, we ob-
serve that (a) and (c) together with (44) imply (d) and
that (d), if inserted into (43), (44) and (45), implies (a),
so all four conditions are indeed mutually equivalent.
Proposition IV.2. Assume that pa = ∇aS is a solution
to the eikonal equation pap
a+σuau
a = 0 with σ = σ+ or
σ = σ−. Then the eigenvalues of the matrix
(
Mb
d
)
are
λ1 = λ2 = 0 and
λ3 = 2LFσuaua , (58)
λ4 =
(
4LFσ − 4LFF + 4LFGGσ − LGG(1 + Fσ)
)
uau
a
(59)
Proof. By assumption, zero is a double-eigenvalue of the
matrix (41). Then the remaining two eigenvalues λ3 and
λ4 can be determined in the following way. The formulas
for the trace of a matrix and for the trace of the square
of a matrix in terms of its eigenvalues yield
Mb
b = λ3 + λ4 , (60)
Mb
dMd
b = λ23 + λ
2
4 . (61)
Upon calculating the traces with the help of (39), solv-
ing (60) and (61) for the eigenvalues results in the given
expressions for λ3 and λ4.
B. Hamiltonian for rays and transport vector fields
We say that S is a solution to the eikonal equation
of multiplicity two if pa = ∇aS satisfies the equation
(55) with both signs, and we say that it is a solution of
multiplicity one if (55) holds with one sign but not with
the other. The multiplicity may change from point to
point.
Each of the two partial eikonal equations has the form
of the Hamilton-Jacobi equation, H(x,∇S) = 0, with the
Hamiltonian
H±(x, p) =
1
2
g˜bc± (x)pbpc . (62)
The solutions to Hamilton’s equations
x˙a=
∂H±(x, p)
∂pa
, p˙a=−∂H±(x, p)
∂xa
, H(x, p)=0 (63)
are known as the bicharacteristic curves or as the rays.
They are the null geodesics of the optical metric. Every
solution S to the eikonal equation is associated with a
congruence of rays whose tangent vector field is given by
Kb±(x) =
∂H±(x, p)
∂pb
∣∣∣
p=∇S(x)
= g˜bc± (x)∇cS(x) , (64)
i.e.,
Kb± = p
b − σ±F bcuc . (65)
This vector field is known as the transport vector field as-
sociated with the solution S of the eikonal equation. For
solutions of multiplicity two, we have two transport vec-
tor fields Kb+ and K
b
−. However, they are always propor-
tional to each other so that the rays (as unparametrized
curves) are uniquely determined. We will prove this in
the next section. Note that the non-degeneracy of the
optical metric implies that the transport vector field can-
not have zeros if we assume that pa = ∇aS has no zeros
(as required for an eikonal function of an approximately
plane wave), i.e, that “rays cannot stand still”.
The following proposition establishes a property of the
transport vector field that will be crucial for the next
section.
Proposition IV.3. Assume that pa = ∇aS satisfies the
eikonal equation pap
a + σuau
a = 0 where σ = σ+ or
σ = σ−. Let g˜
ab = gab + σF acF bc and K
a = g˜abpb.
Then
g˜cdpcud = g˜
cdpcvd = 0 , g˜
cducvd = 0 , (66)
g˜cducud = g˜
cdvcvd = u
cuc(1 + σF − σ2G2) . (67)
As a consequence, the transport vector field satisfies
Kapa = K
aua = K
ava = 0 . (68)
Proof. This can be verified in a straight-forward manner
with the help of the identities (46).
8C. Polarization condition
If we fix a solution pa = ∇aS to the eikonal equation
pap
a + σuau
a = 0 with σ = σ+ or σ = σ−, the zeroth-
order field equation (40) gives an algebraic restriction on
a
(11)
b . This is the zeroth-order polarization condition. In
this section we investigate to what extent the polarization
condition fixes the allowed values for a
(11)
b and, thereby,
for the lowest-order field-strength amplitude f
(11)
cd .
Thereby we have to distinguish solutions of multiplicity
two from solutions of multiplicity one. Clearly, if the two
optical metrics coincide, σ+ = σ−, every solution is of
multiplicity two. In a background field with σ+ 6= σ−, a
solution is of multiplicity two if and only if uau
a = 0. In
this case pa is a principal null covector, i.e., a covector
with pap
a = 0 for which ua and va are multiples of pa. In
the following proposition we determine the general form
of the matrix Mb
d for this special case. For more details
on principal null solutions to the eikonal equation we refer
to Abalos et al. [21] where also pictures of the cones of
the optical metrics can be found.
Proposition IV.4. Assume that pa = ∇aS satisfies
pap
a = 0 and uau
a = 0. Then pa is a solution of multi-
plicity two to the eikonal equation. The covectors ua and
va are multiples of pa,
uc = Fc
apa = µpc , vc =
∗Fc
apa = νpc , (69)
where the coefficients µ and ν satisfy
µ2 = −F
2
+
√
F 2
4
+G2 , ν2 =
F
2
+
√
F 2
4
+G2 ,
µν = −G . (70)
The transport vector fields are proportional to pa,
Ka± = ξ± p
a , (71)
where
ξ± = 1− σ±µ2 . (72)
The matrix Mb
d reduces to
Md
b =
(
2LF −4LFFµ2+4LFGµν−LGGν2
)
pbp
d . (73)
Proof. If pap
a = 0 and uau
a = 0, (55) is trivially satis-
fied with both signs, i.e., the covector pa is lightlike with
respect to both optical metrics. Moreover, we read from
(66) and (67) that with respect to either of the two op-
tical metrics the covectors ua and va are orthogonal to
pa and lightlike. As two lightlike vectors are orthogonal
with respect to a Lorentzian metric if and only if they are
linearly dependent, this proves that (69) has to hold with
some coefficients µ and ν. Then (70) follows from (46).
Inserting (69) into (65) and (41), respectively, yields (71)
and (73).
Recall that the eikonal equation requires the kernel
of Mb
d to be at least two-dimensional. Proposition
(IV.4) implies that the kernel is even three-dimensional
if uau
a = 0. We will now consider the case uau
a 6= 0.
Proposition IV.5. Assume that pa = ∇aS is a solution
to one of the two eikonal equations, pap
a + σuau
a = 0
where σ stands for σ+ or for σ−. Let g˜
ab = gab+σF acF bc
be the corresponding optical metric and Ka = g˜abpb be
the corresponding transport vector field. If uau
a 6= 0, the
three covectors pa, ua and va are linearly independent.
They span the orthocomplement of pa with respect to g˜
ab.
The kernel of the matrix Mb
d consists of all covectors
a
(11)
b = αub + βvb + γpb (74)
where γ is arbitrary and α and β satisfy(
m1
1 m1
2
m2
1 m2
2
)(
α
β
)
=
(
0
0
)
(75)
where (
m1
1 m1
2
m2
1 m2
2
)
= 2LFσ
(
1 0
0 1
)
−
(−4LFF 2LFG
2LFG −LGG
)(
1 Gσ
Gσ 1 + Fσ
)
. (76)
The kernel is three-dimensional if and only if pa = ∇aS
is a solution of multiplicity two. The kernel is then
spanned by pd, ud and vd, i.e., it coincides with the or-
thocomplement of pb with respect to the optical metric.
Proof. Our assumption that uau
a 6= 0 implies, by (66)
and (67) together with g˜abpapb = 0, that pa, ua and
va are linearly independent and that they span the g˜
ab-
orthocomplement of pa. After normalizing ua and va
with the help of (67) we may complement these three
covectors to a Newman-Penrose tetrad by choosing a cov-
ector wa with
g˜abwapb = 1 , g˜
abwawb = 0 ,
g˜abwaub = 0 , g˜
abwavb = 0 . (77)
From (41) we calculate with the help of (47)
Mb
dwd = 2LFσuauawb
+2LF
(
1 + σF fgF egwfpe
)
pb , (78)
Mb
dpd = 0 , (79)
Mb
dud = uau
a
(
2LFσ − 4LFF + 2LFGGσ
)
ub
+uau
a
(
2LFG − LGGGσ
)
vb , (80)
Mb
dvd = uau
a
(
2LFG(1 + Fσ)− 4LGGGσ
)
ub
+uau
a
(
2LFσ − LGG(1 + Fσ) + 2LFGGσ
)
vb . (81)
9The first two equations (78) and (79) demonstrate that
Mb
d leaves the two-space spanned by wd and pd invariant
and that it has a one-dimensional kernel on this two-
space. The last statement follows from the fact that
wd is not in the kernel: It is mapped onto a covector
Mb
dwd that is non-zero if σ = 0 (because then it is
a non-zero multiple of pb) and also if σ 6= 0 (because
then it has a non-zero component in the direction of wb).
The other two equations (80) and (81) demonstrate that
the two-space spanned by ud and vd is left invariant as
well. On this two-space the matrix Mb
d must have a
one-dimensional or two-dimensional kernel because the
eikonal equation requires that the kernel of the full ma-
trix Mb
d is at least two-dimensional. By (80) and (81),
a covector αub + βvb is in the kernel if and only if (75)
holds with (76). The determinant of the matrix (76) van-
ishes as a consequence of the eikonal equation. Clearly, a
(2×2)-matrix has a two-dimensional kernel if and only if
it is the zero matrix. The matrix (76) is the zero matrix
if and only if the symmetric matrix
1
uauaD
(
m1
1 m1
2
m2
1 m2
2
)(
1 + Fσ −Gσ
−Gσ 1
)
=
2LFσ
D
(
1 + Fσ −Gσ
−Gσ 1
)
+
(−4LFF 2LFG
2LFG −LGG
)
(82)
is the zero matrix, where D = 1 + Fσ −G2σ2. By com-
parison with part (d) of Proposition IV.1 we see that this
is the case if and only if the two optical metrics coincide.
As we assume that uau
a 6= 0 this is true if and only if
pa = ∇aS is a solution of multiplicity two.
With these results at hand it is now easy to evaluate
the polarization condition. We do this first for solutions
of multiplicity two.
Proposition IV.6. Let pa = ∇aS be a solution of
multiplicity two to the eikonal equation, i.e. pap
a +
σ+uau
a = 0 and pap
a + σ−uau
a = 0. Then the two
transport vector fields Ka+ = p
a − σ+F abub and Ka− =
pa − σ−F abub are linearly dependent. The polarization
condition Mb
da
(11)
d = 0 is equivalent to K
d
±a
(11)
d = 0
(which holds with one sign if and only if it holds with the
other sign), i.e., it restricts a
(11)
d to a three-dimensional
subspace which contains pa.
Proof. If uau
a = 0, this follows from Proposition IV.4. If
uau
a 6= 0 it follows from Proposition IV.5.
We now prove the analogous statement for solutions of
multiplicity one.
Proposition IV.7. Let pa = ∇aS be a solution of multi-
plicity one to the eikonal equation, i.e. pap
a+σuau
a = 0
with σ = σ+ or σ = σ− but not with both. Then the
polarization condition Mb
da
(11)
d = 0 is true if and only if
a
(11)
b = αub + βvb + γpb where α and β satisfy (75) with
(76). This condition restricts a
(11)
b to a two-dimensional
subspace that contains pb.
Proof. This is an immediate consequence of Proposition
IV.5).
We summarize the results of this section in the follow-
ing way. For every solution pa = ∇aS to the eikonal
equation the polarization condition requires that a
(11)
b
satisfies Kba
(11)
b = 0 where K
b is the corresponding
transport vector field. This may be interpreted as a
transversality condition. For a solution of multiplicity
two there is no additional restriction, i.e., a
(11)
b is con-
fined to a three-dimensional subspace that contains pb.
By contrast, for a solution of multiplicity one the po-
larization condition restricts a
(11)
b to a two-dimensional
space that contains pb, i.e., it fixes the polarization plane
(the plane spanned by a
(11)
b and pb) uniquely.
V. EVALUATION OF THE FIRST-ORDER
FIELD EQUATION
We now turn to the first-order field equation which
gives us the two conditions (36) and (37). We can write
them, in a slightly more compact form, as
0 = ∇a
(
χab
cdpc a
(11)
d
)
+ pa χab
cd∇ca(11)d + iMbd a(21)d ,
(83)
0 = Mb
d a
(22)
d − ψabcdefpa pc a(11)d a(11)f . (84)
We want to determine what kind of information these
equations give us on the polarization plane spanned by
a
(11)
b and pb.
We know from the preceding section that for a solution
of multiplicity one this plane is already uniquely fixed at
the zeroth-order level, so the first-order equations cannot
give us any additional information on this plane. One
just has to check for consistency, i.e., one has to verify
that the sum of the first two terms in (83) is in the im-
age space of Mb
d and that the second term in (84) is in
the image space of ψab
cdef . Then (83) and (84) give us
polarization conditions on a
(21)
d and a
(22)
d . We have al-
ready emphasized that (84) is not in general satisfied by
a
(22)
d = 0, i.e., that frequency doubling has to be taken
into account if the field equation should hold at first or-
der, and that at the next order in general also a non-zero
a(20) is needed.
As in this paper we will be satisfied with determin-
ing the potential up to first order, there is nothing else
to be done for solutions of multiplicity one. Therefore,
in the following we will restrict ourselves to solutions of
multiplicity two. We know from the preceding section
that then a
(11)
d is restricted at the zeroth-order level only
by the condition Kda
(11)
d = 0. This condition restricts
the polarization plane to a three-dimensional space, i.e.,
it still allows the polarization plane to arbitrarily rotate
along a ray. We will now demonstrate that the first-order
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equation (83) gives us a transport law which uniquely de-
termines the polarization plane along a ray if it is given
at one point of this ray. We will consider first solutions of
multiplicity two with uau
a = 0 and then with uau
a 6= 0.
A. Transport equation in the case uau
a = 0
For a solution of multiplicity two with uau
a = 0 the
rays are lightlike geodesics not only with respect to each
of the two optical metrics but also with respect to the
spacetime metric. (The affine parametrizations are in
general different.) For such a solution we have ua and va
parallel to pa and the matrix Mb
d projects onto the line
spanned by pb, recall Proposition IV.4. As a consequence,
(83) reduces to
4LF pa∇aa(11)b + 2∇a
(LF pa)a(11)b
−∇aLG εabcdpca(11)d = ψ pb (85)
where ψ is an undetermined scalar function. Recall from
Proposition IV.4 that in the case at hand the two trans-
port vector fields Ka+ and K
a
− are multiples of p
a, i.e.,
that pa is tangent to the rays. Therefore, (85) gives us
a first-order ordinary differential equation for a
(11)
b along
each ray. As ψ is arbitrary, for each initial condition this
differential equation has a solution that is unique up to
a multiple of pb. In other words, (85) gives us a unique
transport law for the polarization plane.
If ∇aLG εabcdpca(11)d = 0, we read from (85) that the
polarization plane is parallel with respect to the trans-
port law defined by the Levi-Civita derivative of the
spacetime metric, as it is in the standard Maxwell vac-
uum theory; in general, however, in a theory of the
Pleban´ski class a background field with non-constant LG
produces a rotation of the polarization plane. This gives
us a new experimental test of this type of theories in
situations where the rays behave as in the standard vac-
uum Maxwell theory but the polarization plane does not.
We will exemplify this with the Born-Infeld theory in the
next section.
B. Transport equation in the case uau
a 6= 0
We now consider a solution of multiplicity two with
uau
a 6= 0. For such solutions we know from Proposition
IV.5 that the matrix Mb
d has a three-dimensional kernel
spanned by pb, ub and vb, i.e., that a
(11)
d is of the form
a
(11)
d = αud + βvd + γpd . (86)
By the same token, as the matrixMb
d is self-adjoint with
respect to the spacetime metric, (83) is true with some
a
(21)
d if and only if the equation
0 = zb
{
∇a
(
χab
cdpc a
(11)
d
)
+ pa χab
cd∇ca(11)d
}
(87)
is true for zb = pb, zb = ub and zb = vb. It is easy to
check that for zb = pb the equation is identically satisfied,
for all a
(11)
d of the form (86). Therefore, we only have to
consider it for zb = ub and zb = vb.
To that end, we recall that a solution of multiplicity
two with uau
a 6= 0 exists only if the two optical metrics
coincide. In the following we write σ for σ+ = σ− and
Ka for Ka+ = K
a
−. If we express LFF , LFG and LGG
with the help of part (d) of Proposition IV.1, we see that
χab
cd can be written as
χab
cd = LGεabcd − 2LF
(
δcaδ
d
b − δdaδcb
)
−2LFσ
D
Fab
(
(1 + σF )F cd − σG∗F cd)
+
2LFσ
D
∗Fab
(
σGF cd − ∗F cd)) (88)
where D = 1 + σF − σ2G2.
If we insert this expression and (86) into (87) with
xb = ub and with xb = vb, we get after some lengthy
algebra the two equations
4LFububKa∇aα = aα+ b β , (89)
4LFububKa∇aβ = a β − b α , (90)
where
a = − 2∇a
(LFucucKa) , (91)
b = ∇aLG εabcdpbvcud
+2LFpb
(
papx − pepegac
)(
∗Fa
d∇cFdb + Fad∇c∗Fdb
)
.
(92)
These equations determine the change of α and β and,
thus, of the polarization plane, along each ray. In partic-
ular, b determines the rotation of the polarization plane
with respect to the basis covectors ub and vb which are
orthogonal to each other, but not parallelly transported,
with respect to the optical metric.
VI. EXAMPLE: BORN-INFELD THEORY
As an example, we consider the transport law for the
polarization plane in the Born-Infeld theory [1] where
the Lagrangian is given by (10). In this case, for any
background field, the two optical metrics coincide,
σ+ = σ− =
−1
b20 + F
, (93)
g˜ab+ = g˜
ab
− = g
ab − F
acF bc
b20 + F
(94)
so there is no birefringence and every solution to the
eikonal equation is a solution of multiplicity two.
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We assume that the underlying spacetime is the
Minkowski spacetime with standard inertial coordinates
(x0 = ct, x1, x2, x3), i.e., gab = ηab where (ηab) =
diag(−1, 1, 1, 1). As the background field we choose the
superposition of a time-dependent electric field and a
constant magnetic field, both in x3 direction; so the only
non-vanishing components of the field strength tensor are
F03 = −F30 = E(t)
c
, F12 = −F21 = B0 . (95)
Note that the homogeneous Maxwell equation is indeed
satisfied, εabcd∇bFcd = 0. For this electromagnetic field,
pa = ∇aS , S(x0, x1, x2, x3) = 1
c
(
x3 − x0) = x3
c
− t
(96)
is a principal null covector field, pbp
b = 0 and
ua = Fabp
b = −E(t) pa , (97)
va =
∗Fabp
b = −cB0pa , (98)
so the eikonal equation is satisfied with uau
a = 0. The
transport vector field Ka is proportional to pa, i.e., the
rays are straight lightlike lines in x3 direction. Note that
they are lightlike not only with respect to the space-
time metric; they are lightlike geodesics also with re-
spect to the optical metric. Whereas Ka is adapted to
an affine parameter with respect to the optical metric, pa
is adapted to the parametrization with the time coordi-
nate t which is an affine parameter with respect to the
spacetime metric.
The amplitude a
(11)
b must be orthogonal to pc with
respect to the spacetime metric, so we may write it in
the form
a
(11)
b = ζ
(
δ1b cosϕ+ δ
2
b sinϕ
)
+ γ pb (99)
with scalar coefficients ζ and γ and an angle ϕ which
gives, at each point along the ray, the rotation of the
polarization plane with respect to the (x1, x2) basis vec-
tors which are parallel with respect to the Levi-Civita
derivative of the metric along the ray.
For the electromagnetic field (95), the partial deriva-
tives of the Lagrangian are
LF = − 1
2
√
1 +
B20
b20
√
1− E(t)
2
c2b20
, (100)
LG = −B0E(t)
c b20
√
1 +
B20
b20
√
1− E(t)
2
c2b20
. (101)
With these results, inserting (99) into (85) yields
ϕ˙ =
−B0 dE(t)
dt
2 c b20
(
1− E(t)
2
c2b20
) (102)
where the overdot means derivative with respect to t
along the ray, pa∇aϕ = ϕ˙. We see that the time-
dependence of LG produces a rotation of the polarization
plane. Integrating (102) from t1 = 0 with E(t1) = 0 to a
time t2 with E(t2) = E0 gives
∆ϕ =
B0
2b0
arctanh
(E0
cb0
)
=
B0E0
2cb20
(
1 +O
( E20
c2b20
))
.
(103)
In principle, this can be utilized for a new laboratory
test of the Born-Infeld theory. If in the considered con-
stellation with strong fields E0 and B0 no rotation of the
polarization plane is detected, this gives a lower bound
on b0. However, the effect on the polarization plane
is so small that with present-day technology this test
of the Born-Infeld theory is not yet competitive with
other tests. E.g., in Ref. [16] we have seen that with
interferometric methods one could find a bound on b0
in the order of b0 & 7 × 107 T which corresponds to
b0 & 7 × 1011√g/
(√
cm s
)
in Gaussian units. Assuming
that a rotation of the polarization plane by one arcminute
could be measured, ∆ϕ ≈ 3 × 10−4 rad, we would need
electric and magnetic fields of∣∣∣∣B0 E0c
∣∣∣∣ ≈ 3× 1012T2 (104)
for being competitive with the interferometric test. This
is not reachable in a laboratory experiment in the near
future.
VII. CONCLUSIONS
It was the main purpose of this paper to derive the
transport law of the polarization plane in nonlinear vac-
uum electrodynnamics. We have done this, on an un-
specified general-relativistic spacetime, for a theory of the
Pleban´ski class and an electromagnetic background field
which were arbitrary except for some non-degeneracy
conditions. To that end we have utilized an approximate-
plane-harmonic-wave ansatz which takes the generation
of higher harmonics and frequency rectification into ac-
count. According to this ansatz, the electromagnetic field
is written as an asymptotic series with respect to a pa-
rameter α where the limit α → 0 refers to sending the
frequency to infinity. We have seen that the generalized
Maxwell equations have to be solved to zeroth and to first
order with respect to α for determining the transport law
of the polarization plane in lowest non-trivial order.
When considering the generalized Maxwell equations
to zeroth order, we have rederived the known result that,
for every theory of the Pleban´ski class and every back-
ground field that satisfy the assumed non-degeneracy
conditions, there are two optical metrics which are both
of Lorentzian signature. For a solution of the zeroth-
order equations one needs a scalar function, the so-called
eikonal function S, whose gradient pb = ∇bS is lightlike
with respect to at least one of the two optical metrics,
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and a covector field, a
(11)
b , which has to satisfy an al-
gebraic equation known as the zeroth-order polarization
condition.
We have seen that two cases have to be distinguished.
The first case is that of a solution of multiplicity one, i.e.,
the case that pb = ∇bS is lightlike with respect to only
one of the optical metrics. Then the polarization plane
(i.e., the plane spanned by a
(11)
b and pb) is uniquely de-
termined by the zeroth-order polarization condition. The
first-order equations give no additional information on
the polarization plane and have to be checked only for
consistency. The second case is that of a solution of mul-
tiplicity two, i.e., the case that pb = ∇bS is lightlike with
respect to both optical metrics. Then the zeroth-order
polarization condition allows an arbitrary rotation of the
polarization plane along each ray. However, the gener-
alized Maxwell equations at first order give us a trans-
port equation which determines the polarization plane
uniquely along a ray if it is given at one point of this ray.
This transport law has a fairly simple form in the case
that pb is a principal null covector of the electromagnetic
background field, Fa
bpb ∼ pa, see Section VA. It is much
more awkward if this is not the case, see Section VB.
We have exemplified the general results with the Born-
Infeld theory. In this theory the two optical metrics coin-
cide, i.e., all solutions of the eikonal equation are of mul-
tiplicity two. We have considered a particular solution
where pb is a principal null covector of a background field
on Minkowski spacetime. In this example, the rays are
straight lightlike lines, i.e., the light propagation is the
same as in the standard Maxwell vacuum theory. How-
ever, the behavior of the polarization plane is different:
Whereas in the standard Maxwell theory it is parallely
transported along each ray, here it rotates with respect
to a parallely transported plane by an angle ∆ϕ. This is
a feature that could be observed in a laboratory exper-
iment, sometimes in the future, when sufficiently strong
fields are available.
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